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`uw{l{O¥!{}¥?'¸I¹Kº mw{Osnoqv{\r¥¬{\uow^`b
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¢{Ouq¤V³
ÀÄb r`b
¨lo¥¬{n
sm{\s`u[o«oqbrFowv{Orow{µow^b }¨nvmwkla¦a'bowuqvI\m«b\¯\¥¬{\u¢^`v^¢bg\v\bIµr`b¢7¥¬{Ouqa$s`y[oqv{\r
s±m«vr`:oq^`bÁvrl[}uqvy}rb¼{}¥oq^`bÁ}r{Or`vyOga'{Oa'bYr\oqs`a°³4]^`vym¥¬{\uwaµs`y[owv{Or7vmOu«oqvs`Ouwk ¢(bY
\`}`owbYÅ¥¬{\urls`a'buqvY}R
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`snoq}owv{OrmY³Æ{Ou-oq^`vyma'{nnb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m«oq}owv{OrOuwk¦m«{\s`owv{Orm?vroq^`ber`{\rn¹»vr`bYOu£\m«bµ®ð¸I¹»º7}r'ÀÁ[oqbuw¹K§±}mw{Osnowv{Orm²´³?Æ.vr}k\¯F$m«va'`b
a'bow^`{n§\m«bA{OrÅ'owva'b¦mw`vªowowvr`mq^`ba'b$¥¬{Ouoq^`b¦rFsa¦bYuwvyOuqbYmw{Osnowv{Or{O¥?ow^`b¦[¨nvym«kla'a'b
owuqvy
YOmwbgvym`uqbYmwbrFoqbY¢vªoq^°`vªÇVbuqbrForls`a'buqvY}CowbAmpomvsm«owu[owvr`¦ow^bOs`uO
k'{O¥!oq^`b-a'b
ow^{l½³
   + &°- 8<	
 
]^b m«owbAOnkF¹ämpo[oqbIuqby[oqvlvympoqvIºg\m«{[bAx\s±[owv{OruqbYOm
v · ∇x f̃ + q (E + v ×B) · ∇p f̃ =

,
®«A²
¢^buqb
q
vymow^bI^Ouw\bgOr
m
vym(ow^`b aOmqm{}¥{\r`bg±}uwowvy
b\¯
c
oq^`b Ob{n
vopk'{}¥!vO^Fovr<¥¬uqbb-mwObO¯
v = pγm
¯
β = |v|/c ¯ γ = (1 − β2)− 12 ¯ f̃(x,p) uwbY`uwbAm«bYrFoqm-oq^`b`vm«owuqv§snowv{Or ¥¬s`r´oqv{\r {O¥{Or`bmwCbY
vbYm${}¥Ou«oqvbAm®¬v{Or±m¯bbY
owuq{Orm²´¯?nbY±bYrnvr`T{\r ±{Fm«vowv{Or
x ∈ R3 }rÁ\b{n
vopk p ∈ R3 ³Æuw{\a¶ow^bnvm«owuqv§`snowv{Or¥¬s`r
owv{Or
f̃
¯`¢b-
{Oa'`s`owb ow^b^}uqObI}r°
suwuqbrFonbrmwvowvbYm
ρ(x) = q
∫
R3
f̃(x,p)dp, j(x) = q
∫
R3
v f̃(x,p)dp
®KO²
Or ow^`b°bbY
owuq{Oa}\r`b
oqv<­by`m
E
®ðbbY´oquwvy­by²'Or
B
®ða'OOr`bowvy­by²'}uqbOvObr §lk ow^`b
m«owbAOnkF¹ämpo[oqbIf¼}¨n¢(bY·bAx\s±[owv{Or±m





∇×B = −µ0 j,
∇×E =  ,
∇ · E = ρ
ε0
, ∇ ·B =  .
®ð\²
]^brls`a'buqvY}m«{\snoqv{\r:{}¥oq^`b¥¬s`ºg\m«{[F¹äf¼[¨n¢b£m«knm«owbYa Y}r:§Cbb¨lowuqba'bkÁb
¨n±bYrmwv\bvr
{Oa'`snoqbuowva'bO³R]^`bYuwb¥¬{OuqbO¯l¢^`bYr`b\bu±{Fmwmwv§b\¯nvªovym(bAmwmwbrFoqvO±oq{$­±r°m«va'`v­bAa'{nnbym¢^`vy^
O``uq{©¨nva[oqbeoq^`bf¼}¨l¢bVbYxFs}owv{Ormvrm«{\a¦b-mwbrmwbO³
YärÅow^`b<YOmwbµ{O¥£Ou«oqvb'§CbY}amY¯·¢(bY}rÅ`buqv\b¦°mwva'`vª­±bYÅa¦{nnbY?§OmwbYT{OrÅow^`b¦¥¬{\{[¢vr
\mwmws`a'noqv{\r¢^`vy^°}uqbI{O¥âowbYr°mq[oqvm«­bAvr°`^lklmwvy}V`uq{O§bYa'mvrlO{\lvr`µ±}uwowvy
bI§CbYOam³
 ]^`b-§CbY}a vmm«owbAOnkF¹ämpo[oqb Re½±}uwowvy}½nbYuwv[[owvObAm¢vªoq^uwbAm«CbY
ooq{¦owva¦b-[Or`vmw^½³
 ]^`bR§CbYOa vym½mws<
vbrFowkg{Orm«{oq^[o{OrOvowsnvrOOm«bYª¥â¹ä
{\rmwvm«owbYr\o·¥¬{\uqbYm½Y}r §CbRr`b\bA´oqbY·³
 ]^`b-§CbY}a vmuw{\}F[owvr`¦[oe
{\rm«oq}rFoObY{nvªopk vb }{Or`µow^`b-uw{\}F[owv{Or[¨nvm z ³
  bY´oquw{\a}Orb
owvy m«bYª¥â¹K¥¬{Ou
bAm}uqbIvrs`bY·³
 px, py << pb
¢^`bYuwb
pb = γmvb
vymoq^`b-§±bA}a4a'{\a¦bYrFows`a°³ Y»o¥¬{O{[¢mvr}uwowvy
sOuow^}o
β ≈ βb = (vb/c)2, γ ≈ γb = (1 − β2b )−1/2
 ow^`b§CbYOavymIow^`vr  ow^bµoquqOrmwObumwbµnva'brmwv{\rm {}¥(ow^`b§CbYOa0}uqb'm«a}R
{\a'}uqbY¼ow{ow^`b
^}uO
owbYuwvympoqvg{Or`\vªoqsnvr}½nva'brmwv{Or½³
ë!ë;á`$aaû
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]^`b¦z?}u[¨nvy}½a'{nnb.{}¥}``uq{©¨nva}owv{Or°{}¥Rºg\m«{[F¹äf¼[¨n¢b  mbYxFs}owv{Ormgvmg{O§`oq}vr`bA§lkuqb
¹
o}vr`vr`{Orkµow^`b­uqm«oRoqbuqa'm£vr<ow^`bIOmwkFa'noq{}oqvb¨l±}rmwv{\r'{}¥·ow^benvympoquwv§`snoqv{\r¥¬s`r
owv{Or<}r±'ow^`b
bYbA´oquw{\a'OOr`bowvy­bY`m¢vow^uwbAm«CbY
o(oq{
η = l/L
¯\¢^buqb
l
nbr`{OowbAmRoq^`beoquqOrmwObumwbe^}uO
owbYuwvympoqv
br}ow^°}r±
L
vymow^`b-{OrOvowsnvrO½^}uO
owbuqvympoqvgbYr`}oq^  »³
η = l/L 1.
f¼{Ouqb{[ObYuY¯O¥¬{Oumwva'`vvªopk¢(bI¢v·r`bYObY´ooq^`b ©Ouwvy[oqv{\r<¢vow^°uwbAm«CbY
o(oq{¦ow^`b {Or`\vªoqsnvr}Va'bYOr
\b{n
vopk
vb
³
 b
osmr{[¢%vrFoquw{nnsb
f = f(z,x,v), x = (x, y), v = (vx, vy), Φ = Φ(x, z), B = (Bx (x, z) , By (x, z))
¢^buqboq^`br`bY¢;nvym«owuqv§`s`owv{Or ¥¬s`r
owv{Or
f
vymvr¤ObY oq{Áow^`b¼mw{Osnowv{Or
f̃
{}¥Iow^`b{\uwvOvr}ºg\m«{[
bAxFs[oqv{\r®«Y² §lk
f̃(x, y, z, px, py, pz) = f(z,x,v)δ(pz − pb)
³]^`bYrÄaO¤Fvr`°oq^`bOmqmws`a'nowv{Orm
O§±{[\b
f
vme¦mw{Osnoqv{\rÄ®ðvrow^bm«bYrm«b {O¥.nvympoquwv§`snoqv{\rm{O¥q²
vb
∂f
∂z
+ v · ∇xf +
q
γbm
F · ∇vf = 0,
®ðF²
E = −∇xΦ, −∆xΦ = q n/ε0, n =
∫
R2
fdv,
®KO²









∂By
∂x
− ∂Bx
∂y
= µ0 q vb n,
∂Bx
∂x
+
∂By
∂y
= −dBz
dz
® X ²
Or
F = (Fx, Fy)
vymOvObYr§lk
Fx = −
∂Φ
∂x
− vbBy + vy Bz, Fy = −
∂Φ
∂y
+ vb Bx − vxBz.
invrbgf¼}¨n¢(bY±bYxFs[oqv{\rm}uqbvr`bA}uA¯\¢bgY}r<mw`voow^`bgowu}rmwObYuqmwb­bY`m(vr\oq{oq^`bvu(b¨lowbuqrO±}r±
mwb¥â¹ä
{Or±m«vympoqbrFo}uwoqm 
E = Ee + Es, B = Be + Bs.
¢^v^°}uqb uwbAm«CbY
owvObk{}¥.ow^b ¥¬{Ouqa'm
Ee = −∇xΦe, Be = −∇xχe,
®K}²
Or
Es = −∇xΦs, Bs =
 
! 
xψ
s = (∂yψ
s,−∂xψs).
®\²
 row^b-{Or`b ^Or·¯n¥¬uq{Oa¶oq^`b-bYxFs}owv{Orm-® X ²´¯¢(b^`bA¤'ow^}oow^`b ¥¬sr´oqv{\rm
φe
}r
χe
mw}owvymp¥¬k
−∆xΦe = 0, −∆xχe = −
dBz
dz
,
® \²
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¢^buqb
Bz
vym}rb
¨lowbYuwr±}·a}\r`b
oqvg­bY·³
 row^b-{}ow^bu^Or·¯l¥¬uq{Oa¶oq^`b-bYxFs}owv{Orm-®KO²}r±Å® X ²(ow^bm«bYª¥â¹ä
{\rm«vym«owbrFo¥¬{Ou
bAmmw}owvymp¥¬k
−∆xΦs = q n/ε0, −∆xψs = µ0 vb q n = q
vb
ε0c2
n.
®«Y\²
]^br½¯`¢b ^©Ob
ψs =
vb
c2
Φs
Orow^`bmwb¥â¹»{OrmwvympoqbrFo¥¬{Ou
bI­byvm\v\br§lk
F sx =
q
γbm
(−∂Φ
s
∂x
− vbBsy) = −
q
γbm
(1 − β2b )
∂Φs
∂x
= − q
γ3bm
∂Φs
∂x
,
®«OA²
F sy =
q
γbm
(−∂Φ
s
∂y
+ vbB
s
x) = −
q
γbm
(1 − β2b )
∂Φs
∂y
= − q
γ3bm
∂Φs
∂y
,
®«AO²
¢^buqb
β = vb/c
³
Æ{Ouoq^`bb¨Foqbuqr}¥¬{Ou
bAm¯`¢b${Ormwv`buoq^`boq^`uwbYbnvÇCbYuwbYr\ogopkl±bAm{}¥?b¨Foqbuqr}½¥¬{lsmwvr`<¥¬{Ou
bYm
¢^v^°}uqb a¦{Fmpoqksm«bAvr°OY
bbu[oq{OumR¥¬{\ua'{l`bvr`s`uwC{\mwbYm 
O³dr`v¥¬{Ouqa4¥¬{nsm«vr`'§lk's`r`v¥¬{Ouqa4bYbA´owuqvye­±by{O¥!oq^`b ¥¬{Ouqa
E(x) = −γbm
q
ω20 (x ex + y ey).
n³zbuqv{nnvyg¥¬{lsmwvr`§lk¦a}\r`b
oqvg­bY{O¥!oq^`b ¥¬{Ouqa
B(x) = B(z) ez −
1
2
B′(z) (x ex + y ey),
¢^`buqboq^`bI{\r`Ovows`vrO·
{Oa'C{Or`bYrFo({}¥·oq^`bIa'OOr`bowvy­±by
B(z)
vmOvObYr<}rmw}owvymp­±bYm£ow^`b
±bYuwv{nnvy
vopk
{\rnvowv{Or
B(z + S) = B(z).
`³owbYuwr}owvr`OuO`vbYr\o¥¬{n
smwvr` 
 bYvªoq^`bu§lkµaOOr`bowvye­±by{O¥oq^`b ¥¬{Ouqa
B(x) = B′(z) (y ex + x ey),
¢^v^°
{\uwuqbYmw±{\r`m(ow{'C{}oqbrFowvy}
ψe(x) = −1
2
B′(z)(x2 − y2),
 {\u§lk}rbbY
owuqvg­bY{}¥.ow^b ¥¬{Ouqa
E(x) = E′(z) (x ex − y ey),
¢^v^°
{\uwuqbYmw±{\r`m(ow{'C{}oqbrFowvy}
Φe(x) = −1
2
E′(z)(x2 − y2).
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]^`b¦ºeyOmw{[bYxFs[oqv{\r ®¬l²¢bµ{OrmwvynbuA¯·}rT§±b¦vrFoqbuq`uwbowbA·¯·nvlvynvr`O!ow^b$oqbuqa'mg§lk°ow^`b
m«owuqvy´owk<C{\mwvªoqv\b-ObY{n
vopk
vb
¯±\m$oquqOrmwObumwbgºg\m«{[<bAxFs[oqv{\r¢^`bYuwb
z
`y©knmow^`b$uw{\b {}¥!owva'bO³
ÀÄb ow^br°Obooq^`b-Ouq}¨lvy}Va'{nnb
∂f
∂z
+
v
vb
· ∇x f +
q
γbmvb
(
− 1
γ2b
∇Φs + Ee + (v, vb)T ×Be
)
· ∇v f =

,
®pA\²
{Os`bA¢vow^ow^b-z.{\vmqmw{OrbYxFs[oqv{\r
−∆xΦs =
q
ε0
∫
R2
f(z,x,v) dv.
®pYF²
]^`b^±}uO´oqbuqvm«owvyes`uqObYm\mwmw{n
vy[oqbYoq{¦ow^`vymºeyOmw{[bYxFs}owv{Or°}uqb OvObr§lk




























x′ =
vx
vb
,
y′ =
vy
vb
,
v′x = −
q
γ3bmvb
∂Φs
∂x
+
q
γbmvb
(
Eex + vy B
e
z − vbBey
)
v′y = −
q
γ3bmvb
∂Φs
∂y
+
q
γbmvb
(
Eey − vxBez + vbBex
)
,
®«AO²
¢^buqbow^`bgr`{}o[owv{Or
′

{\uwuqbYmw±{\r`m.oq{ow^benbuqv©}owvOb¢vow^<uqbYmwCbY´o£ow^`beow^`b{OrOvowsnvrO[}uqvO§`b
z
³
]^`bz?Ouq}¨lvy}a'{nnb?vym-aµs^Ämwva¦bYu ow^OrÅoq^`b¦¥¬s`£ºeyOmw{[F¹»fT[¨n¢(bY!a'{l`bK³  rToq^`b{Or`b
^±}r·¯g{Or`bÅuwbY`yO
bAmoq^`b mpo[owv{Or±}uqk ºg\m«{[ bYxFs}owv{Or%§lk ow^`bÄz?}u[¨nvy}eºg\m«{[bAx\s±[owv{Or2®¬F²
¢^buqbow^`b{\r`Ovows±nvr±}
{}¹»{Ounvr[oqbYm
z
`y©klm-ow^`buw{\b{O¥eoqva'b[Ouwvy}§`bOrÁ¢^`vy^ Or:§±b
mw{OObA°rls`a'buqvY}k°§lk¼<a}u^`vr`<`uq{n
bAns`uqbO³  r¼ow^bµ{Oow^`bYug^Oroq^`b'mpo[owv{Or±}uqkf¼}¨n¢(bY m
bAxFs[oqv{\rm£Ouwbuqb\
bY'§lkµow^`bgop¢{$nva¦bYrmwv{\r}±z.{\vmqmw{OrbYxFs}owv{Ormg®pAO²R¢^buqb
z
{\r`k\´oqm£v¤Ob
¦OuqOa'b
owbYuY³
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 b
o$s±m-vrFoquw{nnsb'ow^`b<op¢({°¥¬s`r±´owv{Or±m{}¥
z
¯
κx
b
o
κy
¢^`vy^:}uqb¦\v\brÁ§lkToq^`b¥¬{n
s±m«vr`°¥¬{Ou
bAm¯
N0 =
∫
f dx dv
ow^beoq{}oqO±rls`aµ§±bYu({O¥Ou«oqvbAm£}r±ow^bgOuqOa'b
owbYu
K
¢^`v^vm$`va'br±m«v{Or`bYmqm
±}u}a'b
oqbuvr`¤\bYow{'ow^bm«bYª¥â¹ä
{\rm«vym«owbrFo¥¬{Ou
b-ObY "$/%)&)
K =
q2N0
2πε0γ3bmv
2
b
.
]^bICbuqObA}rb vmvr¤ObYoq{µoq^`b-`yOmwa$¥¬uqbYxFs`bYr
k
ωp
§lk<oq^`b-uwbY}owv{Or
K =
ω2pa
2
2γ2b v
2
b
.
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εx
¯
εy
Ouwbg}u}a'b
oqbum¯FObY /	\ M&)
¯lvr`¤\bY<ow{oq^`b-
{\rmpo}rFoOuwbAOm£{}¥bYv±m«bAm£vr<oq^`bgOr`bYm
x− x′ b
o y − y′ ³Rf{Ouqb{[\buA¯\¢b ¢vOmqmws`a'bgoq^[o κx(z) }r± κy(z) mw}owvymp¥¬k
d
dz
κx(z) ≤ C κx(z),
d
dz
κy(z) ≤ C κy(z)
®p X ²
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f(z, x, y, Px, Py) =
N0
π2 εx εy
δ0
(
x2
a2
+
y2
b2
+
(aPx − a
′
x)2
ε2x
+
(b Py − b
′
y)2
ε2y
− 1
)
,
®«©}²
 $/%( a  b 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a
′′
+ κx(z) a−
2K
a+ b
− ε
2
x
a3
= 0, b
′′
+ κy(z) b−
2K
a+ b
− ε
2
x
b3
= 0,
®p \²
 $/%( a′ 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Es(x, y) =







qN0
πε0(a+ b)
(
x/a
y/b
) 	  x2
a2 +
y2
b2 ≤ 1,
→ 0  x, y → ∞.
®« \²
 b
o smg­uqm«og\v\bµm«bYrm«bµow{ow^`b'nvympoquwv§`snoqv{\r
f
¯V¢^`vy^ÅY}r¼§Cb¦s`rnbYuqm«ow{l{noq^}r`¤nmeow{ow^`b
~({O¹»OuwbA-¥¬{\uwaµs`°®Hm«bYb   ¬²´³ Yär±nbbA·¯nb­r`b
Hz = Hz(x, y, Px, Py)
§lk
Hz(x, y, Px, Py) =
x2
a2
+
y2
b2
+
(aPx − a
′
x)2
ε2x
+
(b Py − b
′
y)2
ε2y
.
]^br¥¬{OueOrFk
e ∈ Hz(R4)
¯noq^`b-a}r`v¥¬{Oy
H−1z (e) =
{
(x, y, Px, Py) ∈ R4; e = Hz(x, y, Px, Py)
}
.
vymI}r¼^lkl±bYu«¹ämws`u«¥ð\
b{O¥
R
4 ³ ebYr`{}oqbµ§lk dS(x, y, Px, Py) vªom  s
v`vOrÅmws`u«¥ð\
bµbba'brFoIOr§lk
Nz(e)
oq^`bnbYrm«vopk<{O¥.m«oq[oqbYm
e

Nz(e) =
∫
k∈H−1z (e)
dS(k)
∇kHz(k)
.
]^bnvm«owuqv§`snowv{Or
f
OvObYr°§FkÄ®ð\O²vymow^br¼'a'bY\m«s`uqb {}¥
R
4 nb­r`bY\m¥¬{O{[¢m ?¥¬{Oug}rlkÂ{Ouqbmwb
o
B
{O¥
R
4
f(z)(B) =
∫
k∈B
dS(k)
∇kHz(k)
.
®K}\²
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Âb
¥¬{\uwb`uq{[Fvr`oq^`vym¦]^b{Ouqba°¯?b
o'smµOvOb<oq^`ba'Ovr }uqOs`a'bYr\om³ÄÀÄb¢v­um«o¦
{\a'`snowb
mw{Oa'b¦vrl[}uqvy}rFoqmg{}¥(ow^`b'ºeyOmw{[bYxFs}owv{Or ®pY\²I¢^`brÅow^`b¦oq{}oqO?bbY
owuq{Oa}\r`b
oqv¥¬{Ou
b¦vm vrbY}u
¢vow^uqbYmwCbY´ooq{
(x, y)
³]^`br¯¢b-¢v`uq{[ObIoq^[ooq^`b$¸I¹»º nvympoquwv§`snoqv{\rvyme'a'bAOmws`uwbmw{Osnoqv{\r
{O¥ow^`bºeyOmw{[TbYxFs}owv{Or½³¼Æ.vr}kO¯¢(b¢v{Ormwvynbu-oq^`b{Os`vr`¼{O¥oq^`bºg\m«{[Ä}rÁz{\vmqm«{\r
bAxFs[oqv{\rm(ow{<
{\r
snbIoq^`b-`uq{F{O¥p³
 b
o-smI­umpo{Ormwv`buIow^`b'ºg\m«{[bAx\s±[owv{OrÅ¢vªoq^Äoq{}oqO¥¬{Ou
bµ­byÅvr`bYOu ¢vªoq^ÅuqbYmw±bA´o ow{
(x, y)
¯now^`b^±}uO´oqbuqvm«owvyI
s`uqObAmOuwbgow^br°OvObYr§lkoq^`bf¼[oq^`vbsn¹ v!nvªÇVbuqbrFoqvO·bYxFs[oqv{\rm
x
′
= Px, Px
′
= −κx(z)x, y
′
= Py , Py
′
= −κy(z) y,
®H`A²
¢^buqb
κx(z)
}r
κy(z)
^}uO
owbYuwvÃboq^`bow{Ooq}-®Hm«bYª¥â¹ä
{\rm«vowbYrFo  O``vbA²$vr`bYOu¦¥¬{Ou
b­by·³
fT}rlk¦mwknmpoqbamY¯lmws^\m£xFs\nuws±{\bI^}r`rbym¯F^©Obop¢({µ`Or`bYm({}¥mwkla'a¦bowuqkO¯F¢^`buqboq^`bg¥¬{Ou
bYm
a©k<nvÇVbuA³ {[¢bObYuY¯lOm{Or`'Om(oq^`buqb vmr`{'
{\s``vr¦§Cb
op¢bbYroq^`bYmwbgop¢({¦¥¬{Ou
bAm¯Foq^`bIow^`bY{Ouqkvm
oq^`bmq}a'bO¯`Orvrow^`b ¥¬{\{[¢vr`¯l¢b-¢v·{Or`k{Ormwvynbuow^b-a¦{Oowv{Orvroq^`b
x
¹änvuwbA´owv{Or³
  ÍN7£Í G0ðG0 Í . +
(x, Px)
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x2
a2
+
(aPx − a
′
x)2
ε2x
= 1,
®H\O²
 $/%( a = √εxwx M
w
′′
x + κx(z)wx −
1
w3x
= 0
®HO\²
¢^buqb
wx(z)
vymµ¥¬s`r
owv{Or°{}¥
z
³
. %(G  "  b
osm{Ormwvynbuow^b-bYxFs[oqv{\r{O¥.a'{Oowv{Or¥¬{Ou{OrbI±}uwowvy
bIvrow^`b-vr`bYOu¥¬{Ou
bI­by 
x
′
= Px, P
′
x = −κx(z)x.
®H}F²
]^bI\br`bYuqOvÃbAmw{Osnowv{Or±m{}¥®H[F²}r§Cb-b
¨n`uqbYmqm«bAOm
u(z) = wx(z) exp(+iΨx(z)), v(z) = wx(z) exp(−iΨx(z)).
®H\O²
]^br½¯`s`\Ovr`µow^`bmw{Osnowv{OrÁ®H\}²vr\oq{bYxFs}owv{OrÁ®H[F²
w
′′
x + 2 i w
′
x Ψ
′
x +
(
κx(z) + iΨ
′′
x − (Ψ
′
x)
2
)
wx = 0,
Or¦ow^buwbA}Or'va'OOvr}uqkOu«om?{}¥Voq^`vm(yOm«o?owbuqa uwbAm«CbY
owvObkµmq[oqvm«¥¬kµow^`b¥¬{\{[¢vr`-uwbY}owv{Orm
w
′′
x +
(
κx(z) − (Ψ
′
x)
2
)
wx = 0,
®H X ²
2w
′
x Ψ
′
x + wx Ψ
′′
x = 0.
®HF}²
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y[owv{OrÄ®HF}²´¯¢(b Obo}r°b
¨n`uqbYmqm«v{Or¥¬{Ouoq^`b ¥¬s`r
owv{Or
Ψx
Ψ
′
x = C/w
2
x,
®K \²
¢^buqbow^`bI
{Or±mpo}rFo
C
{Or`k'nbCbrmR{Or'oq^`bevr`vowvy}C`[o`³  ½bo£sm£mwb
o
C
oq{{Orbow{$`b
­r`b
wx
}r±
uqbvrFowuq{nns
b oq^`bµ`bCbr`Or
k{Or¼ow^`bvr`vowvy}`[o'ow^uw{\s`O^¼<{Orm«oqOrFo
εx
³ow^`{\s`O^
wx
vmer`{}o
b¨n`vy
vo¤lr`{[¢r½¯½vo$mq[owvym«­bYmIoq^`b'¥¬{O{[¢vr`°nvÇCbYuwbYr\oqvO?bYxFs}owv{Or½¯!¢^`v^Ävym-{O§no}vr`bYT¥¬uq{Oa ®K X ²
OrÄ®H \²
w
′′
x + κx(z)wx −
1
w3x
= 0.
erlk<uwbA}·mw{Osnowv{Or{}¥®K[\²Y}r§±b-¢uqvªowowbYr\m¦vrbY}u{Oa$§vr}owv{Or{}¥
u
Or
v
vrow^`bI¥¬{O{[¢vr`
¥¬{\uwa
x(z) =
√
εxwx(z) cos(Ψx(z) + φ0),¢^buqb
εx
}r±
φ0
{\r`knbCbr{\roq^`b-vrvªoqvO`[o`³?]^`bnbYuwv[[oqv\bIvymow^br°OvObYr§lk
x
′
(z) =
√
εx
(
w
′
x(z) cos(Ψx(z) + φ0) −
1
wx(z)
sin(Ψx(z) + φ0)
)
.
f¼{Ouqb{[ObYuY¯
(wx x
′
)2 = (w
′
x)
2 x2 + εx sin
2(Ψx + φ0) − 2w
′
x x
√
εx sin(Ψx + φ0)
= (w
′
x)
2 x2 + εx −
x2
w2x
− 2w′x x
(
w
′
x x− wx x
′
)
.
]^br½¯`vrFowuq{nns
vr`µow^`bmw{}¹äObY]¢vymqm}u}a'bowbumI®ðmwbb }¯½Y â²
βx = w
2
x, αx = −wxw
′
x, γx = (1 + α
2
x)/βx = 1/w
2
x + (w
′
x)
2,
¢bObo.oq^[o£O}uwowvy
bYm¢vow^¦ow^bmwOa¦bvr`vowvy}
εx
¯\§`sno£-nvÇCbYuwbYrFo
ψ0
¢vvb{Orµow^`bmq}a'b`^±Omwb
mw\
b bvmwb-nb
oqbuqa¦vr`bA§lk
αx
¯
βx
}r
γx
γx x
2 + 2αx xPx + βx P
2
x = εx.
®K \²
Æ.vr}kO¯[¢bmwb
o
a =
√
εxwx
³.]^`bYr½¯}¢b£\b
o?}r$vrl[}uqvOr\o.{}¥`oq^`bºeyOmw{[IbAxFs[oqv{\rvrµow^b£¥¬{\{[¢vr
¥¬{\uwa
x2
a2
+
(aPx − a
′
x)2
ε2x
= 1.
]^bgb¨lvym«owbr±
b-}rs`r`vyxFs`br`bAmwm{O¥.¦m«a'{l{}oq^mw{Osnowv{Or{nOVvrowva'b {Oa'bg¥¬uw{\a ow^`b-mwa¦{l{Oow^`r`bAmwm
{O¥oq^`b ¥¬{n
smwvrµ¥¬sr´oqv{\r½³£f{\uwbY{[Obu(¥¬uq{Oa¶oq^`b ¥¬{O{[¢vr`¦bYm«owva[owb
d
dz
(
(w
′
x)
2 + κx(z)w
2
x +
1
w2x
)
=
d
dz
(κx(z)) w
2
x ≤ C κx(z)w2x
¢b-
{\r
snbIow^±[oow^bm«{\snoqv{\rvymO{O§±}·vroqva'b\³

ë!ë;á`$aaû
©   	')M$M/M%$&%
zRuq{OC{\mwvowv{Or¾¼va¦vbYm<ow^}oÅ®H\}²'vym}rvrl©Ouwvy}rFo{}¥ oq^`b¼ºeyOmw{[ bAxFs[oqv{\r ¥¬{\u<¢^`vy^ow^`b
^±}uO´oqbuqvm«owvy 
s`uqObAmklvbYoq^`bµfT[ow^vbYsn¹ evbAxFs[oqv{\rm$®KnY²
³ ]^`bYr½¯
N0, εx, εy
§±bYvrOvObYr½¯b
o
s±m
{Or±m«vynbuoq^`b¸I¹»º¾`vm«owuqv§snowv{OrÁ®p[}²
f(z, x, y, Px, Py) =
N0
π2 εx εy
δ0
(
x2
a2
+
y2
b2
+
(aPx − a
′
x)2
ε2x
+
(b Py − b
′
y)2
ε2y
− 1
)
,
®HO\²
¢^buqb
a =
√
εxwx
¯
b =
√
εy wy
Or
wx
Or
wy
Ouwb m«{\s`owv{Orm{O¥!bYxFs}owv{Or{}¥.opkl±b<®K}O²
³
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Âb¥¬{OuqbeOvlvrow^bIuw{l{}¥!{}¥zRuq{OC{\mwvowv{Orn¯nbosmuqbYY}oq^`b nb
­rvªoqv{\r{O¥!$a'bAOmws`uwbIm«{\s`owv{Or{O¥
oq^`b-ºeyOmw{[bYxFs}owv{Or \»³
~({\rm«vynbYuow^`b oquqOrm«C{OuwobYxFs[oqv{\r
∂u
∂t
+
`v
x(a(t, x)u(t, x)) = 0,
®ð`©²
¢^buqb
a ∈ L1loc(R+;C1(Rn))n
³Æ{Ou(bObYuwk
u0 ∈ M1(Rn)
¯\oq^`bgmw{Osnoqv{\r{}¥£®ðA²Rvm(OvObYr§Fk !¥¬{Ou
OrlkÂ{Ouqb·m«bo
B
¯
u(t)(B) = u0(x
−1(t)(B))
¢^buqbgoq^`b
{\rFowvrFs{Osma}
x(t)
vmmw{Osnoqv{\r{O¥
dx
dt
= a(t, x(t)), x(0) = x.
. %(G  *! . %(("$ 	\	  "  b
osmnbYr`{}oqbI§lk x(z) = (x(z), y(z), Px(z), Py(z)) ow^`b-^Ouq\´owbYu«¹vym«owvyIs`uqObYmmw{Osnoqv{\r{O¥
x
′
= Px, P
′
x = −κx(z)x,
y
′
= Py , P
′
y = −κy(z) y.
Æuw{\a%oq^`b(nb­r`vowv{Or-{O¥Foq^`b£¸I¹»º nvympoquwv§`snoqv{\r-OvObYrI§lk'®HOO²´¯Aow^b£uqbYmws`ªo½§CbY{Oa'bYm!mpoquqOv\^Fo«¥¬{Ouq¢}u·³
Yär±nbbA·¯n¥¬{OuOrlk<Â({\uwbY½m«bo
B
{}¥
R
4
f(z)(B) =
∫
k∈B
dS(k)
∇kHz(k)
=
∫
k∈B
dS(k)
∇kH0(x−1(z, k)
=
∫
k′∈x−1(z)(B)
dS(k′)
∇k′H(0, k′)
= f0
(
x−1 (z) (B)
)
à¬ê.ë½àâý
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
ce{[¢-¯F¢bI¢v½
{\rm«vynbYu£oq^`b-
{Os`vr`¦{}¥½oq^`b ºeyOmw{['bYxFs[oqv{\r¢vow^ow^`bIz{Ovymwmw{OrbYxFs}owv{Or½¯lvr
{\uq`buow{¦oqO¤Ob vr\oq{<OY
{Osr\omwb¥â¹»{Ormwvm«owbYrFobYbA´oquw{\a'OOr`bowvy­±by`m³
  ÍN7£Í G0ðG0 Í . <    P &( 	%$  
 	 %	'/	 +  " #    $ "  &(S& %\  	 	  	   ' 
q n(x, y) =





q N0
π a b
	  x2
a2 +
y2
b2 ≤ 1,
0
/ 
.
®H\O²
 $    &) 	  /N )&/%	& #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Es(x, y) =







q N0
π ε0 (a+ b)
(
x/a
y/b
) 	  x2
a2 +
y2
b2 ≤ 1,
→ 0  x, y → ∞.
. %(G  "  ½bo s±mI­uqm«o-
{Oa'`s`owb¦ow^`bmwOb¦^±}uqObµ`brmwvªopk\¯½¢^`vy^ÅvymI{O§no}vr`bYÅ§lkvrFoqbOu[oqvroq^`b¸I¹»º¾`vm«owuqv§snowv{Or¢vªoq^uwbAm«CbY
oow{
(Px, Py)
q n(x, y) =
qN0
π2 εx εy
∫
R2
δ0
(
x2
a2
+
y2
b2
+
(aPx − a
′
x)2
ε2x
+
(b Py − b
′
y)2
ε2y
− 1
)
dPx dPy .
Yär¥ð\´oow^`vym   vrFoqbOu}IY}r§±b-uqbYm«owuqv
owbA<oq{µoq^`b ¥¬{O{[¢vr`'n{\a'Ovr
S(x, y, z) =
{
(Px, Py) ∈ R2 :
x2
a2
+
y2
b2
+
(aPx − a
′
x)2
ε2x
+
(b Py − b
′
y)2
ε2y
≤ 1
}
.
]^br½¯mwb
owowvr`
Px =
aPx − a
′
x
εx
, P y =
b Py − b
′
y
εy
,
¢b Obo
q n(x, y) =
qN0
π2 a b
∫
S
δ0
(
x2
a2
+
y2
b2
+ P
2
x + P
2
y − 1
)
dP x dP y,
¢^buqb
S =
{
(P x, P y) ∈ R2 :
x2
a2
+
y2
b2
+ P
2
x + P
2
y ≤ 1
}
.
ë!ë;á`$aaû
Y   	')M$M/M%$&%
fT}¤lvr'ow^`b$^±}r`\b-{}¥?[}uqvO§`bAm
P x =
√
R cos θ
¯
P y =
√
R sin θ
{}¥C|«O
{\§`vy}r 1
2
Or°smwvrow^`b
vrl[}uqvOr
bI§lk<uw{Ooq}owv{Or
q n(x, y) =
qN0
π a b
∫
R+
δ0
(
x2
a2
+
y2
b2
+R − 1
)
dR,
=





q N0
π a b
vª¥ x2
a2 +
y2
b2 ≤ 1,
0
bym«b
.
Æ.vr}kO¯·m«vrb$oq^`b¦mw\
bµ^±}uqObvymIs`r`v¥¬{Ouqa vrmwvynb$oq^`b¦bvmwbO¯·¢bµOrTb¨lvy
vowk¼
{\a¦snowbµow^`b
bYbA´oquwvyg­by·³ YärnbYbYow^b-bbY´oquwvyg­by
Es
mq[owvym«­bYm
curlEs = 0
}r±
div Es =
qN0
πε0(a+ b)
(
1
a
+
1
b
) =
qN0
ε0πab
,
¢^v^klvbY`mow^`b-bYbA´owuqvye­±by
Es(x, y) =






q N0
π ε0 (a+ b)
(
x/a
y/b
) vª¥ x2
a2 +
y2
b2 ≤ 1,
→ 0 Om x, y → ∞.

Æuw{\a ow^be}§C{[Obb
¨n`uqbYmqmwv{\rµ{O¥Coq^`bbYbA´owuqvy­by·¯FvªoR¥¬{\{[¢m.ow^±[oRoq^`b¥¬{n
smwvr` ¥¬{Ou
b
F sx
OvObYr
§lkT®«OY²§CbY{Oa'bYm
F sx =
q
γ3bm
qN0
πε0(a+ b)
x
a
=
2Kv2b
(a+ b)a
x,
Orvrow^bmwOa¦b ¢©k
F sy
\v\br§lkT®p©O²§CbY
{\a'bYm
F sy =
q
γ3bm
qN0
πε0(a+ b)
y
b
=
2Kv2b
(a+ b)b
y.
ce{[¢-¯n¢(bY}rbYOmwvk<uw{[\bow^b]^`b{\uwbYa
. %(G  *! # $(%A  " ~({\rm«vynbYuµvr`bYOu¥¬{Ou
bg­by{}¥.ow^`b ¥¬{\{[¢vr$¥¬{\uwa
κx(z) = κx(z) −
2K
a (a+ b)
κy(z) = κy(z) −
2K
b (a+ b)
,
¢^buqb
κx
¯lOr
κy
nb
oqbuqa¦vr`boq^`beb¨lowbuqrO`¥¬{n
smwvr`-¥¬{Ou
bg}r
K = q2N0/(2mπ ε0 v
2
b )
oq^`bgmwb¥
¥¬{\uqbO³£ilvrb ow^`b ¥¬{\uqbg­±by°vmvrbY}ue¢(b-Or}``k<zRuq{OC{\mwvowv{OrÄO¯`¢^`vy^°OvObAm}rvrl[}uqvOrFo{O¥
oq^`b-ºeyOmw{[bYxFs}owv{Ors`rnbYuow^`b{Or`vªoqv{\roq^[o
a
¯
b
}uqb mw{Osnoqv{\r{O¥®« \²
a
′′
+ κx(z) a−
2K
a+ b
− ε
2
x
a3
= 0, b
′′
+ κy(z) b−
2K
a+ b
−
ε2y
b3
= 0,
à¬ê.ë½àâý
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]^vmmwklm«owbYa {}¥     m^\m}r$sr`vxFs`b{n}nmw{Osnowv{Or'mwvrb
κx(z)
}r
κy(z)
Ouwbm«a'{l{}oq^µbYr`{OsO^½³
f¼{Ouqb{[ObYuY¯\¥¬uq{Oa¶oq^`b ¥¬{O{[¢vr`¦bYm«owva[owbAm
d
dz
(
(a
′
)2 + (b
′
)2 + κx(z) a
2 + κy(z) b
2) + 2K log(a+ b) +
ε2x
a2
+
ε2y
b2
)
≤ C (κx(z) a2 + κy(z) b2).
¢beY}r<nbAns
beow^}oRow^b¥¬s`r
owv{Orm
a
Or
b
Ouwbr{Orn¹»r`bF[oqv\bOr§C{Os`r±nbY·³?]^lsmY¯Ooq^`bgmw{Osnoqv{\r
vymO{O§±}·vroqva'bO³
e``kFvr`<z£uw{\±{Fm«vowv{Or¼l¯±¢(buw{[\bgoq^[ooq^`b$¸I¹»º,nvympoquwv§`snoqv{\r¥¬s`r´oqv{\r
f
OvObr§lkÄ®«©[²vm
m«{\snoqv{\r¼{}¥?oq^`b$ºg\m«{[bYxFs}owv{Or:®«AO²
³gÆ.vr}k\¯C¥¬uw{\a zRuq{OC{\mwvowv{OrTn¯V¢bµY}r¼^`bA¤oq^[oIow^`b
mw\
b-^}uqObInbr±m«vopkvyms`r`v¥¬{Ouqa¿vrmwvnbIoq^`b-bvmwb
x2
a2
+
y2
b2
≤ 1
Oroq^`b<mwb¥â¹»{Ormwvm«owbYrFoIbYbA´owuqvy­bYÄmw{Osnowv{OrÅ{}¥£oq^`b'z{Ovymwmw{OrÅbYxFs[oqv{\rTvym vr`bA}u ¢vªoq^ÅuqbYmwCbY´o
oq{
(x, y)
vrmwv`b ow^`vymbvmwbO¯n¢^v^
{\r
snbAmow^`b-uw{l{}¥p³

   
-&Ä ¦ !	3
 b
oes±mr`{[¢¾nbuqvOb-b
¨n`vy
vowkoq^`bbrl\b{OCb-bYxFs[oqv{\rmvrow^b-ow^`uqbb¥¬{lsmwvr`<{Orn­±Os`u[oqv{\rm¢(b
OuwbIvr\oqbuqbYm«owbAvr½³
O³dr`v¥¬{Ouqa4¥¬{nsm«vr`±³]^b ¥¬{lsmwvr`¦­bYvymOvObYr§lk
Ee(x) = −γbm
q
ω20 (x ex + y ey).
demwvr°ow^`b^±}uO´oqbuqvm«owvymgbYxFs}owv{Orm-OrÅow^`bb
¨n`uqbYmqm«v{OrÅ{}¥ow^`bmwb¥â¹ä
{Or±m«vympoqbrFo ­byÄ¢(b
Obo
x′′ =
v′x
vb
=
q
γ3bmv
2
b
Esx +
q
γbmv2b
Eex =
2K
(a+ b)a
x− ω
2
0
v2b
x,
}r
y′′ =
2K
(a+ b)a
x− ω
2
0
v2b
y.
ÀÅboq^Fs±m{O§no}vr¦If¼[owow^`vbs`¹ evnbYxFs}owv{Orµ¥¬uw{\a¢^`v^¦¢bnbAnsb(oq^`bbrlObY{\±bbYxFs}owv{Orm
a′′ + k20a−
2K
a+ b
=
εx
a3
, b′′ + k20b−
2K
a+ b
=
εy
b3
,
ë!ë;á`$aaû
 X   	')M$M/M%$&%
¢^`buqb¢bnbYr`{}oqb§lk
k0 = ω0/vb
³Ågm
k0
bo
K
`{Tr`{OoµnbCbr±:{Or
z
¯.ow^bYmwbbYxFs}owv{Orm
Ona'vo$m«{\s`owv{Orm mws^Toq^[o
a′ = a′′ = b′ = b′′ = 0
}r±
a = b
vª¥
εx = εy
³  ½{l{\¤Fvr`¥¬{Ou
m«s±^°'mw{Osnowv{Or¯n¢(b Obo
k20a
4 −Ka2 − ε2x = 0.]!O¤lvr`¦oq^`b-±{Fm«vowvOb uq{l{}o{}¥!ow^`vymbYxFs}owv{Or½¯n¢b {O§no}vr
a =
√
K +
√
K2 + 4k20ε
2
x
2k20
.
®HO\²
n³zbuqv{nnvyg¥¬{lsmwvr`§lk¦a}\r`b
oqvg­bY{O¥!oq^`b ¥¬{Ouqa
Be(x) = B(z) ez −
1
2
B′(z) (x ex + y ey),
¢^`buqb
B
vym
S
¹»Cbuqv{nnvy}³zRuq{n
bbAnvr`µ\m£vr<oq^`b `uwbYlv{\sm£YOmwbg}r±<`s`O\vr$vr<ow^bgb¨luwbAmp¹
m«v{Or{}¥
Be
¯n¢(b \b
o¥¬{OuOr}¨nvmwkla¦a'bowuqvI§CbY}a m«s^ow^±[o
a = b
x′′ =
K
a2
x+
q
γbmv2b
(vyBz + vb
B′
2
y), y′′ =
K
a2
x− q
γbmv2b
(vxBz + vb
B′
2
x).
ÀÅb oq^`br°vrFowuq{l`s
bIow^b-uwbY}owvFvym«owvy  !}uqa'{Ou¥¬uwbAxFs`brknvlvnbA§Fk<ow^`b-§CbYOa¿ObY{nvªopk
ωL(z) =
qB(z)
2γbmvb
.
Y»o¥¬{O{[¢m
x′′ =
K
a2
x+ 2ωLy
′ + ω′Ly, y
′′ =
K
a2
y − 2ωLx′ − ω′Lx.
®H}F²
]^`bYmwb°bYxFs}owv{Orm$oqO¤Ob°Åmwva'`bu¦¥¬{\uwavr oq^`b  Ouwa'{Ouµ¥¬u}a'b¢^v^ vm'uq{}o[owvr`Ä[o'ow^`b
 Ouwa'{Oug¥¬uqbYxFs`br±
kO³µ]!O¤Fvr`¥¬{Ou
θL
uwva'vªoqv\bµ{O¥ −ωL ¯·oq^`b¦{}¹»{Ounvr[oqbYm (X,Y ) vrÅow^`b Ouwa'{OuI¥¬u}a'b'}uqb¦{\§noqOvrbY¼§lkTuq{}o[owv{OrÅ{}¥}r`\b
θL
¥¬uq{Oa0{}¹»{Ounvr±[owbAm
(x, y)
vrÄow^`b
O§±{\uq}ow{\uwk'¥¬u}a'bO³ÀÄb ow^`bYr°^©Ob
x(z) = X(z) cos θL(z) − Y (z) sin θL(z), y(z) = X(z) sin θL(z) + Y (z) cos θL(z).
]!O¤lvr`¦oq^`bnbuqv©}owvOb ¢vow^°uwbAm«CbY
oow{
z
¯n¢b-Obo
x′ = (X ′ + ωLY ) cos θL(z) + (Y
′ − ωLX) sin θL(z),
y′ = (X ′ + ωLY ) sin θL(z) + (Y
′ − ωLX) cos θL(z),
}r
x′′ = (X ′′ + 2ωLY
′ + ω′LY − ω2LX) cos θL(z) + (−Y ′′ + 2ωLX ′ + ω′LX + ω2LX) sin θL(z),
y′′ = (X ′′ + 2ωLY
′ + ω′LY − ω2LX) sin θL(z) − (−Y ′′ + 2ωLX ′ + ω′LX + ω2LY ) cos θL(z).
à¬ê.ë½àâý
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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zRs`O\vr`oq^`bYmwbµb¨n`uwbAmwmwv{OrmgvrFoq{Á®H}\²
¯¢bµ{\§noqOvrÅow^b¦±}uwowvy
bµa'{}oqv{\rÅbAxFs[oqv{\rmevrÄow^`b
 Ouwa'{Ou¥¬u}a'b
X ′′ − K
a2
X + ω2LX = 0, Y
′′ − K
a2
Y + ω2LY = 0.
]^`b-bYxFs}owv{Orm¥¬{\u
X
Or
Y
Ouwb §C{}oq^°fT[o«oq^`vbsn¹ vbYxFs[oqv{\rm
κ̄x(z) = κ̄y(z) = ωL(z)
2 − K
a2
.
]^`b-brl\b{OCbIbAxFs[oqv{\r<ow^lsmuwbAO`m
a′′ + ω2La−
K
a
=
ε2
a3
.
®H\O²
]^`b<uOnvsm
a
{O¥a[o^`bYÁ§CbYOa0¥¬{\uOvObYr
K
¯
ε
Or
ωL
\v\br Or §±b{Oa'`snoqbYÁ§lk
rls`a'buqvY}kmw{Olvr$¥¬{\uµCbuqv{l`v-mw{Osnowv{Or{}¥!ow^`vymbAx\s±[owv{Or³
`³owbYuwr}owvr`OuO`vbYr\o¥¬{n
smwvr` vroq^`b\m«b {O¥.'a}\r`b
oqvg­bY{}¥.ow^`b ¥¬{\uwa
Be(x) = B′(z) (y ex + x ey),
ow^`b-±}uwowvy
bYma'{}oqv{\rbAx\s±[owv{Or±muwbAO 
x′′ =
2K
(a+ b)a
x− qB
′
γbmv2b
(vbx), y
′′ =
2K
(a+ b)a
x+
qB′
γbmv2b
(vby).
¢(b oq^lsm^©Ob f¼}o«ow^vbYsn¹ evbAxFs[oqv{\rm¢vªoq^
κ̄x(z) = −
qB′
γbmvb
− K
a2
}r
κ̄y(z) =
qB′
γbmvb
− K
a2
.
À ^`br±
b ow^b-brlObY{\±b bYxFs}owv{Orm
a′′ − q B
′
γbmvb
a− 2K
a+ b
=
ε2x
a3
, b′′ +
q B′
γbmvb
b− 2K
a+ b
=
ε2x
b3
.
®H X ²
m«va'vy}uqk¥¬{OuOrbYbA´owuqvye­±by{O¥!oq^`b ¥¬{Ouqa
E(x) = E′(z) (x ex − y ey),
ow^`b-±}uwowvy
bYma'{}oqv{\rbAx\s±[owv{Or±muwbAO 
x′′ =
2K
(a+ b)a
x+
qE′
γbmv2b
(x), y′′ =
2K
(a+ b)a
x− qE
′
γbmv2b
(y).
®ðl}²
ë!ë;á`$aaû
    	')M$M/M%$&%
¢(b oq^lsm^©Ob f¼}o«ow^vbYsn¹ evbAxFs[oqv{\rm¢vªoq^
κ̄x(z) =
qE′
γbmv2b
− K
a2
}r
κ̄y(z) = −
qE′
γbmv2b
− K
a2
.
À ^`br±
b ow^b-brlObY{\±b bYxFs}owv{Orm
a′′ +
qE′
γbmv2b
a− 2K
a+ b
=
ε2x
a3
, b′′ − qE
′
γbmv2b
b− 2K
a+ b
=
ε2x
b3
.
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,ObYr`bu}½§CbYOa OvObr§lk}r¼Or}kFowvyOb
¨n`uqbYmqmwv{\r°Y}r§Cb¥¬{n
s±m«bA°ow^Or`¤nmoq{ow^bµ
{\r
bYnog{O¥
bAxFs`v[ObYr\o§CbYOa'mvrFowuq{nns
bA§FkinO^`bYuwbYu Y }r  !}C{\m«ow{Ob   »³
ÀÄbm«^OObYxFs`v[}brFo¦op¢({Å§±bA}am¦{}¥evynbrFoqvY}}uwowvy
bYm¦nb
­±r`bY §lkÅoq^`bvunvympoquwv§`snoqv{\r
¥¬sr´oqv{\r
f
v¥Row^bk^©\bow^b¦mq}a'b¦br`bYuw\kO¯Cow^`b'mq}a'boq{}oqOrFsa$§Cbu {}¥ROu«oqvbAmgOroq^`bmwOa'b
{\uq`buµa¦{\a'brFoqmY³
ÀÄbImw^O±sm«beow^`vym
{\r
bYno£oq{$vynbrFowv¥¬k\br`bYuqO§CbY}a ¢vow^$a[oq^bY<¸ º §±bA}a°³br±
bg
\br`bYuqO\§CbYOa¢vn§Cb£¥¬{n
s±m«bA$§lk ¥¬{n
smwvr`gvoqm.bAx\sv[}brFo?¸ º§±bA}a°³!]^`vymvym!Cbuw¥¬{Ouqa'bYow^`uq{Os`\^
oq^`b ¥¬{O{[¢vr`'m«owb±m
 Yär°{Os`ua'{nnb½ow^`b-§CbYOa4ObY{n
vopk vb Or γb Ouwb s`rvxFs`bYknb
oqbuqa¦vr`bA§lkvoqmbYr`buqOk\³
 ]^`b-§CbY}a;
s`uquqbrFo`b
owbYuwa'vr`bYmow^`b oq{}oqO·rls`a$§Cbu{O¥.Ou«oqvbAm§Fkow^`b-uqby[oqv{\r N0 = Iqvb
³
 ÀÅbY}row^`bYr¼
{\a¦snowbIow^b-§±bA}a¿CbuqObA}rb
K =
q2N0
2πε0γ3bmv
2
b
.
 ÀÅb<mwb
o oq^`b'¥¬{n
smwvr­bYÅ¥¬uq{Oa oq^`b¦ow^`uqbb¦opklCbYm ¢b'{Ormwvynbu®¬sr`vª¥¬{\uwa°¯!±bYuwv{nnvO¯}owbYu«¹
r[oqvrOuOnvbrFo²
³
 ]^`bYmwb¦}u}a'b
oqbum§Cbvr`mwb
oI¢(b¦{F{\¤rls`a'bYuwvyOk¥¬{Ou  S ¹»±bYuwv{nnvy$mw{Osnowv{Or¼{O¥?ow^`b'
{\u«¹uwbAm«C{Or±nvr¦bYrlOb{OCb bYxFs}owv{Or¢^buqb
S
vymow^`b-Cbuqv{l{O¥ow^b ¥¬{lsmwvr`'y[owowvy
bO³
]^lsmoq^`b-a[o^`bY¸ º§±bA}a4vymnbowbYuwa'vr`bY·³
ÀÄbgr{[¢{Ormwvynbu§CbY}a ¢^`{Fm«bgm«^O±bgvm(OvObYr§lk'¤Fr{[¢r}rOkFoqvY}`b¨luwbAmwmwv{\r
f0
³?]^`b
a}oq^`bAnvym«owuqv§`s`owv{Or¥¬s`r
owv{OrOr§Cb
{\a¦snowbA§lk'mqOvr`'`uq{lbYnsuwb Om¥¬{\{[¢m³Rilbo
f(x, y, x′, y′) = N0f0(
x
a
,
y
b
,
x′
c
,
y′
d
).
®H \²
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 
			! #"$%	&'()* 
]^b$§CbY}a \b{n
vopkvym ^`{\mwbrvynbrFoqvY}!ow{ow^`vymI{}¥?ow^bµa[o^`bYT¸ º,§CbY}aOr¼mw{vymoq^`bµow{}o}
rls`aµ§±bYug{O¥£Ou«oqvbAm
N0
³$il{vªo uqba}vrmeow{°m«bogoq^`bµ±}u}a'b
oqbum
a
¯
b
¯
c
Or
d
ow^}o Ouwb¦^`{\mwbr
mws^Tow^}o
xrms
¯
yrms
¯
x′rms
bo
y′rms
Omqm«{n
vy[oqbY°oq{ow^`bnbYrm«vopk
f
Ouwbµow^b'mq}a'b'OmIoq^`{\mwbµ{O¥
oq^`b-bYxFs`v[}brFoa[oq^bY¸ º§±bA}a°³?À ^`buqb ¢(b-nb­r`b ¥¬{\u$¥¬sr´oqv{\r
χ(x, y, x′, y′)
χrms(f) =
√
∫
χ(x, y, x′, y′)2f(x, y, x′, y′) dx dy dx′ dy′
∫
f(x, y, x′, y′) dx dy dx′ dy′
.
,^}r`\b {}¥©Ouwvy}§bAmvr°oq^`b$}§C{[Ob vrFowb\uqOm\v\bYmoq^`buqby[owv{Or±m§±bop¢(bYbrow^`b
rms
xFsOrFowvowvbYm
\mwmw{n
vy[oqbYoq{
f
Or<oq{
f0
ObYuwv¥¬klvr`®H O² 
xrms(f) = axrms(f0), yrms(f) = byrms(f0),
Or
x′rms(f) = cx
′
rms(f0), y
′
rms(f) = dy
′
rms(f0).dgm«vr`¦ow^b-b
¨n`uqbYmqm«v{Or{}¥.ow^`b
KV
`vm«owuqv§snowv{Or
KV
OvObYr§lkT®«©[²
¯`¢b-{O§no}vr
xrms(fKV ) =
a0
2
, yrms(fKV ) =
b0
2
,
x′rms(fKV ) =
εx
2a0
, y′rms(fKV ) =
εy
2b0
,
¢^buqb
(a0, 0)
Or
(b0, 0)
}uqbµow^`b'vr`vªoqvOR
{\rnvowv{Orm 
{\uwuqbYmwC{Ornvr`ow{±bYuwv{nnv¦mw{Osnowv{Or®¬{O¥
Cbuqv{l
S
²g{}¥Roq^`b'brlObY{\±bµbYxFs}owv{Or½³$]^bYmwbµ[}s`bAm
a0
}r±
b0
OrT§Cb
{Oa'`s`owbYÅ}rOkFoqvY}k
s±m«vr`
(
\
)
vroq^`b\m«b {}¥.s`r`v¥¬{Ouqa4¥¬{n
s±m«vr`}rrls`a'buqvY}kvrow^b-{}ow^bu\m«bAm³
Y»oer{[¢ uqba}vrmoq{<vynbrFowv¥¬kow^`b
rms
xFsOrFowvowvbYm\mwmw{n
vy[owbA<oq{
f
}roq{
fKV
oq{nb
oqbuqa'vr`b
oq^`b-OuqOa¦bowbYuqm
a
¯
b
¯
c
}r
d
³ Y»o¥¬{\{[¢m(ow^}o
a =
a0
2xrms(f0)
, b =
b0
2yrms(f0)
,
c =
εx
2a0x′rms(f0)
, d =
εy
2b0y′rms(f0)
.
I 9½  7  É ¡ bo£sm£b
¨n`vvªo(ow^`vymR`uq{n
bAns`uqbvr'oq^`bgYOmwb¢^`br
f0
vm( r`{Ouqa}vÃYbY'mwba'vª¹  }s±mwmwvOr
§CbYOa4{}¥.ow^b ¥¬{Ouqa
f0(x, y, x
′, y′) =
1
2π
e−
x′
2
−y′
2
2
v¥
x2 + y2 < 1
OrµbYmwbO³ Yäroq^`vmYOmwb ¢(b ^©\b
xrms(f0) = yrms(f0) =
1
2
, x′rms(f0) = y
′
rms(f0) = 1,
mw{¦ow^}o
a = a0, b = b0, c =
εx
2a0
, d =
εy
2b0
.
É :n > ¡ vr ow^`b¼YOmwb{O¥ Or [¨nvmwkla'a¦bowuqv§CbY}a°¯¢b^©Ob
x = r cos θ
¯
y = r sin θ
¯ow^b
{Oa'`sno[oqv{\r{O¥
xrms
}r{}¥
yrms
klvbY`m
xrms = yrms =
rrms√
2
.
ë!ë;á`$aaû
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ce{[¢-¯±¢b¢v.uqbYm«owuqv
og{OsuqmwbObAmow{<oq^`bµ}¨nvmwkla¦a'bowuqvYOmwbO¯C¢^`vy^¼`y©klmg}rva'±{\u«o}rFoguq{Obvr
O``vY[oqv{\rm³.emqm«sa¦vr`-oq^[o(ow^`bgnvm«owuqv§`snowv{Or'¥¬sr´oqv{\r
f
Or¦ow^beb
¨loqbuqr}Ormwb¥â¹»{Ormwvm«owbYrFo
­±by`m}uqb vrl[}uqvOrFo§lkuq{}o[oqv{\r½¯M	 "  " vr±nbCbr`brFoe{}¥ θ ³er`{}oq^`buvrl[}uqvOr\o{}¥a'{}oqv{\rvrow^`b  !}uqa¦{\u£¥¬u}a'bI¥¬{OuOr[¨nvmwkla'a¦bowuqvg§CbY}a vm
Ω = xPy − y Px.
 b
osm±Omqmow{
klvr`uwvyO½
{}¹»{Ounvr[oqbO¯
r2 = x2 + y2,
Or
(vr, vθ)
¢vuqb`uqbYmwbrFo-ow^b
klvr±nuwvyO({}¹»{Ounvr±[owbAm {}¥oq^`bY}r`{\r`vY}Ra'{\a¦bYrFows`a vr ow^`b
 !}uqa'{Ou¥¬uqOa'b
(
vr
vθ
)
=
(
cos θ sin θ
− sin θ cos θ
)(
Px
Py
)
.
f{\uwbY{[ObYuY¯\ow^`bmwb¥â¹ä
{Or±m«vympoqbrFobbY
owuq{Oa}\r`b
oqve­by`mmw{Osnowv{Or±m{}¥® O²Ouwb OvObYr§lk
φe = 0, χe =
dBz
dz
r2/2,
mw{¦ow^}oow^`bIoquqOrm«\bum«bIb
¨loqbuqr}V­bYm}uqb
Ee = 0, Be = −1
2
dBz
dz
r
®H \²
f¼{Ouqb{[ObYuY¯\ow^bm«bYª¥
{Or±m«vympoqbrFo­by`mvr
klvr`uwvyOV{}¹»{Ounvr[oqbYmmw}owvymp¥¬k
Esr =
q
ε0
(
1
r
∫ r
0
n(z, s) s ds
) ®ð\\²
Æ.vr}kO¯Ov¥V¢(b\mwmRvr
klvr±nuwvyO`
{l{Ounvr[oqbYm®
r
¯
vr
¯
vθ
²´¯Oow^`bz?Ouq}¨lvy}lºg\m«{[bAxFs[oqv{\rµ§CbY{Oa'bYm
vb
∂f
∂z
+ vr
∂f
∂r
+
(
q
m
Fr +
v2θ
r
)
∂f
∂vr
+
( q
m
Fθ +
vθ vr
r
) ∂f
∂vθ
= 0,
®¬±A²
¢^buqb
Fk  F
e
k
 
F sk
¯
k ∈ {r, θ} ¯now^bIb¨lowbuqrO·bbY´oquw{\a}Orb
owvye­by`mOuwbIOvObYr§lk
F er = −κ0(z) r, F eθ = 0,
®¬lO²
Orow^`bmwb¥â¹»{OrmwvympoqbrFo¥¬{Ou
bYmmq[oqvm«¥¬k
F sr =
q
ε0
(1 − β2)1
r
∫ r
0
n(z, s)sds, F sθ = 0.
®¬F\²
à¬ê.ë½àâý
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]^vm'mwbY´oqv{\r vym'nb\{}oqbY oq{Äow^`b
{\rm«owuqs´oqv{\r:{}¥ m«{\snoqv{\rm¦{}¥oq^`b°}u[¨nvy}a'{l`b®¬±Y²µvr±nb
¹
Cbr±nbrFog{O¥
z
oqO¤lvr`vrFow{O{Os`rFoemwb¥â¹»{OrmwvympoqbrFo¥¬{Ou
bAm³]!{ow^vmg}va¯C¢b$
{\rm«vynbYues`r`v¥¬{Ouqa
O``vbAC{}oqbrFowvy}
Φe(r) = k20 r
2/2.
ÀÄb-smwbIow^`b-vrl©Ouwvy}r±
bI{}¥.ow^`b oquqOrm«\bum«bgbr`bYuw\k
H⊥(r, vr , vθ) =
1
2
(
v2r + v
2
θ
)
+
1
2
k20 r
2 +
q
m
(1 − β2)Φs(r).
~({\rmwvnbYuwvr`II`vm«owuqv§snowv{Or$¥¬s`r´oqv{\r'{}¥oq^`b¥¬{Ouqa
f(H⊥)
¯OvovymbY\m«kIoq{ ^bY¤ ow^±[o?vªo?vym? m«{\snoqv{\r
{O¥oq^`bz?}u[¨nvy}la'{l`b®ðY²
¯O§`sno?oq^`ba}vrnv <s`ªopkµvm?ow^`bnbowbYuwa'vr[oqv{\rµ{O¥±oq^`b^}uqObnbYrm«vopk
n(r)
}rÄoq^`bmwb¥â¹ä
{Or±m«vympoqbrFoC{}owbYrFowvy}
Φs(r)
³Tgmwmws`a'b
f
vym$
{\a'O
owkÅmws``C{OuwowbY½¯!oq^`br:ow^`b
mw\
b-^}uqObInbr±m«vopk
n
vm\v\br§Fk
n(r) =
∫
R2
f(H⊥(r, vr, vθ))dvr dvθ =
∫ 2 π
0
∫ +∞
0
f(H⊥(r, v, ψ))vdvdψ,
= π
∫ +∞
0
f(H⊥(r, v
2))dv2,
¢^buqb
H⊥(r, v, ψ) = H⊥(r, v)
vymow^b-b
¨n`uqbYmqm«v{Or{}¥
H⊥
vr°±{\OuOb{n
vopk<
{O¹K{\uqnvr}owbYmY³
]^`bmw\
b-^}uqObg±{OowbYr\oqvO
Φs
vmoq^`br¥¬{\s`r§Fkm«{\lvr`µow^`b-z{Ovymqm«{\rbAx\s±[owv{Or
1
r
d
dr
(
r
dΦs
dr
)
= −q π
ε0
∫ +∞
0
f(H⊥)(r, v
2)dv2.
ce{[¢7b
osm`br`{Oowb-§lk
W (r)
oq^`b-±{OowbYr\oqvO·br`bYuw\k
W (r) =
1
2
k20 r
2 +
q
m
(1 − β2)Φs(r). ®¬\F²
ÀÄbÅ­uqm«o{O§mwbuqOb¼ow^}ooq^`bÄ±{OowbrFoqvO-br`bYuw\k
W (r)
vym°±{Fm«vowvOb\³ YärnbYbY·¯g¥¬uw{\aow^`bÁz{Ovymqm«{\r
bAxFs[oqv{\r½¯½¢b'^bY¤°ow^±[o
dΦs/dr
vm rb\}owvOb'}rTow^b±{OowbrFoqvO?vm [}rvmw^`vr`°¢^`br
r
\{FbAmgow{
vrn­rvªopk\¯`¢^`vy^a'bYOrmow^±[oow^bm«bYª¥â¹ä
{\rm«vym«owbrFoC{}owbYrFowvy}·vym±{Fm«vowvOb-nbA
uqbY\m«vr`³
 b
o(s±m(mwb
o
H0
ow^`bga[¨nvaµs`a2owu}rmwObYuqmwbbr`bYuw\kO¯\¢^`v^
{OuquqbYmw±{\r`m.ow{$ow^`bgs``Cbu§±{\s`r{O¥
oq^`b-m«s`±{\u«o{}¥
f
³.ÀÄb vrFoquw{nnsbeoq^`b uq\nvsm
a ∈ [0,+∞] ¥¬{Ou¢^`vy^<oq^`b ±{OowbrFoqvOCbYr`buqOk W (r)vyma[¨nva'O
H0 = W (a).
ce{}oqbow^}omwvrbow^bÅ}`vbYC{}oqbrFowvy}gO{lbYmow{:vrn­r`vopk ¥¬{Ouy}uqOb
r
¯¢^`bYrow^`bÄnvympoquwv§`snoqv{\r
¥¬sr´oqv{\r
f
vym${Oa'O
owkÅmws``C{OuwowbAÅvK³ bO³
H0
vm­r`vowboq^`brÁoq^`b<uOnvsm
a
vmOmw{°­r`vowb\³Æuw{\a
oq^`bYmwbr`{Ooq[oqv{\rmY¯½¢(bvrFowuq{nns
b¦oq^`b<a[¨nva'O?¤lvr`bowvy'br`bYuw\k
b2(r)/2
¥¬{\u$}rlk
r ≥ 0 ¯¢^v^Ávym\v\br§Fk
W (a) = H0 =
1
2
b2(r) +W (r),
ë!ë;á`$aaû
\   	')M$M/M%$&%
{\u
1
2
b2(r) = W (a) −W (r) ≥ 0,
Orow^`bmwOb-^}uqOb nbr±m«vopkOr§Cb-uqb
¹»¢uwvo«oqbrvrow^b ¥¬{O{[¢vr`µ¥¬{Ouqa
n(r) = π
∫ +∞
0
f(H⊥(r, v
2))dv2 = π
∫ W (a)−W (r)
0
f(v2(r))dv2(r) = π
∫ W (a)
W (r)
f(H⊥)dH⊥.
3*5 É¼ÈË(@ ÎB0ðY0ð
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{Or±m«vynbuoq^`b ¥¬{O{[¢vr`nvympoquwv§`snoqv{\r
f(s) = δ0(s−H0),
¢b uwbA
{[\bu¦mwva¦b¸I¹»ºnvm«owuqv§`snowv{Or¥¬{\uow^`b}¨lvymwkFa'a'b
oquwvyIOmwbO³
3*5 É  n É A R ÎB0ðY0¬ 
0 Í . ]  ½boµsm$owuqbY}oow^b\m«b¢^`buqb<oq^`bnvym«owuqv§`s`owv{Or ¥¬s`r±´owv{Or vm
sr`vª¥¬{\uwa
f(s) =
{
f0
v¥
0 ≤ s ≤ H0,
0
bymwb
]^b mw\
b-^}uqOb nbYrm«vopk<vym
q n(r) = 2π qf0 (W (a) −W (r))
Orow^`b-z{Ovymqm«{\rbAx\s±[owv{Or§CbY
{\a'bYm
1
r
d
dr
(
r
dΦs
dr
)
= −q 2π f0
ε0
(W (a) −W (r)) . ®¬F\²
Y»¥¢b mwb
o
k21 =
2π q f0
ε0
q
m
(1 − β2),
Or
U(r) = W (r) −W (a) + 2 k
2
0
k21
,
oq^`br¯`¢(b-Y}ruwbY`\
b®¬l}²§lkow^b ¥¬{O{[¢vr`'bYxFs}owv{Or¥¬{Ou
U(r)
1
r
d
dr
(
r
dU
dr
)
− k21U(r) = 0.
gm?¢b¢vmwbby[owbYuow^`be}u}a'b
oqbu
k1
`y©klm?Or'va'C{Ouwoq}rFoRuq{Obvr¦ow^benb
­±r`vªoqv{\r'{}¥· ÀÄ}owbuq§O
`vm«owuqv§snowv{Or½¯`mwvr
b voe}{[¢m(ow{nbowbYuwa'vr`bIow^`bmw^}Cb {}¥!ow^`b-§CbYOa³R]^lsmY¯`mwb
o«oqvr
y(x) = U(r)¢^buqb
x = k1 r
¯`ow^b ¥¬s`r´oqv{\r
y(x)
mq[owvym«­bYmoq^`b ­umpoÂbYmqm«bY½nvÇCbYuwbYr\oqvO·bYxFs}owv{Or
x y′′ + y′ = x y,
®¬ X ²
à¬ê.ë½àâý
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Or
y = I0(x)
¯±¢^`buqb
I0
vymow^`b-a'{nnv­bY­um«oÂbAmwmwbV¥¬s`r±´owv{Or³RÆ!vrOkO¯
U(r) = C I0(k1 r).
Yär±nbbA·¯·ow^b'mw{Osnoqv{\rT{}¥ ®¬ X ²gvm-nb­r`bATs`Åow{°a$s`owv`vY[oqv\b¦{Orm«oqOr\oA³ e{[¢(bYObuA¯C¢(b'¤lr`{[¢
oq^[o
U(a) = 2 k20/k
2
1
¯low^br
U(r) =
2 k20
k21
I0(k1 r)
I0(k1 a)
.
f¼{Ouqb{[ObYuY¯
U(r)
vym?}rµvruwbAOmwvre¥¬s`r±´owv{Or¦{}¥
r
¯O¢^`vy^µa'bA}rm!ow^±[oow^`bC{}oqbrFowvy}nbYr`buqOk
W (r)
vym
Omw{IvruwbAOmwvrg}r±$C{\mwvªoqv\bO³]^`br¯[ow^`ba}¨lva}lC{}owbYrFowvy}nbrbuqOk-vym{O§no}vr`bY¦[oow^ba'}¨nva}
uO`vsm{O¥ow^`b-§CbYOa
rmax
}r¢b-^©Ob
a = rmax
³£ÀÄb$}ym«{'uqbYY}·ow^}o¥¬{OueOrlk
0 < r ≤ a ¯`oq^`ba}¨lva}·¤lvr`b
oqvIbrbuqOk<vymOvObYr§lk
1
2
b2(r) = W (a) −W (r),
Or%mwvr±
b
W (r)
vymvruwbAOmwvr`±¯ow^`bÄObY{nvªopk
a′ = b(0)
{OuquwbAm«C{Ormow{ ow^`bÄObY{nvªopk {}¥oq^`b
a}¨lva}¤lvr`b
oqv¼br`bYuw\kO³ invrb°ow^`bÅ¤lvr`bowvy°br`bYuw\k vym<}r vruwbAOmwvr`Ä¥¬s`r±´owv{Or ¢vow^ uqbYmwCbY´o
oq{
v = (v2r + v
2
θ)
1/2 ¯½oq^`b'±{\vrFo a′ 
{\uwuqbYmwC{Or`meow{oq^`ba[¨nvaO?a¦{nnssm {O¥£oq^`b<nvympoquwv§`snoqv{\r¥¬sr´oqv{\r
f
³?Æ.vr}kow^`b-§C{Osr`}uqk<{O¥ow^b-}uwowvy
b §±bA}a¿vr`^Omwb-m«±O
b vymOvObYr§lk
H0 =
1
2
(
v2r + v
2
θ
)
+W (r) = W (a),
{\u
H0 =
a′2
2
+W (0) = W (a).
Æ.vr}kO¯n¢b-Ob
ooq^`b ¥¬{O{[¢vr`¦uwbY}owv{Or
v2r + v
2
θ
a′2
+
W (r) −W (0)
W (a) −W (0) = 1,
¢^buqb
W (r)
mw}owvymp­bAm
W (r) = W (a) − 2k
2
0
k21
(
1 − I0(k1 r)
I0(k1 a)
)
.
]^br½¯Cow^b$`^\m«b¦m«±O
bµ
{OrFoq{Os`um{O¥?ow^`b'nvympoquwv§`snoqv{\r¥¬s`r
owv{OrÅOuwbµnbYmq
uqv§CbY¼§Fkoq^`b¥¬{\{[¢vr
uqby[oqv{\r
v2r + v
2
θ
a′2
+
I0(k1 r) − 1
I0(k1 a) − 1
= 1,
®¬n}²
Orow^`b^Ouw\bI`brmwvªopkvm\v\br§Fk
n(r) = 4πf0
k20
k21
(
1 − I0(k1 r)
I0(k1 a)
)
.
ë!ë;á`$aaû
}   	')M$M/M%$&%
]^b ^±}uqOb nbrmwvowvbYm{\§noqOvr`bA<¥¬{\unvÇCbYuwbYr\o[Os`bAm{}¥
k1 a
}uqb nvmw`y©kObAvrÆ!vOs`uqb'}³Rdgm«sOk
^Fknmwvvm«oqm¤Fr{[¢%ow^baO
uq{\mq
{\`vyg[Os`bAm{}¥oq^`b§CbY}a°¯±§`snoer`{Ooow^`b$©Osb{}¥
f0
³Æ`{\uvrmpo}rbO¯
\mwmws`a'bIow^`b oq^`bIow{Ooq}!
s`uquwbYrFo{O¥!oq^`b-§±bA}a vm¤lr`{[¢r
I = q vb
∫ a
0
n(r)rdr = 4π q vbf0
k20
k21
∫ a
0
(1 − I0(k1 r)
I0(k1 a)
)rdr = 2π q vbf0
k20
k21
a2(1 − 2
k1
I1(k1 a)
I0(k1 a)
).
]^br½¯noq^`b-[}s`b {}¥!ow^`bnvym«owuqv§`s`owv{Or°vr±m«vynb ow^b
{OrFoq{Os`umnb
­rbY§FkÄ®¬n[²vm
f0 =
I
q vb
k21
2πk20a
2
k1 I0(k1a)
k1I0(k1a) − 2I1(k1a)
Or
a′
2
= b2(0)
¯`vK³ bO³
a′
2
= 4
k20
k21
(
1 − 1
I0(k1a)
)
.
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Y0¬ 
0 Í . ]  ½boTsmÄ
{Or±m«vynbu¼ow^`b ¥¬{O{[¢vr`7nvym«owuqv§`s`owv{Or½¯
¢^v^vmr`{}o
{\a'O
owkm«s`±{\u«oqbY
f(s) = f1 exp(−s/T⊥).
YärÄoq^`vm$Omwb¦ow^`buwbYFv{Os±m-mpoqsnkÅY}rÄr`{}o§CbnvuqbY´oqkÅ}``vbY·¯.m«vr
b'oq^`buOnvsm
a
vym-bYxFsOow{
+∞ ³?]^`br½¯`ow^`bmwOb-^}uqOb nbr±m«vopk<vym
q n(r) = qf1
∫
R2
exp(−H⊥(r, v2)/T⊥)dvrdvθ
= 2π T⊥ q f1 exp(−W (r)/T⊥)¢^buqb?ow^`b(±{OowbYr\oqvO\bYr`buqOk
W (r)
vm!OvObYr-§Fk'®ðO\²
¯}}r oq^`b(mw\
b£^Ouw\b?±{OowbYr\oqvO
Φ
vym.m«{\snoqv{\r
{O¥oq^`b-r`{Orvr`bYOuz{Ovymwmw{OrbYxFs[oqv{\r
1
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d
dr
(
r
dΦ
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= −2π q f1 T⊥
ε0
exp
(
−
(
k20
2
r2 +
q
m
(1 − β2)Φr
)
/T⊥
)
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T⊥
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1
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d
dr
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r
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(
−
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r2/4 + Φ(r)
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α1
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α1 =
π
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q2 f1
ε0m
(
1 − β2
)
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T⊥
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b°{}¥gow^`b¼Y}r`{\r`vy}
Or`OsOua'{\a¦bYrFows`a
P (r, vθ) = mrvθ
gbr{}owvr`§Fk
I = Pm
}r±a}¤lvr<ow^b¦^Or`Ob${}¥R[}uqvO§`b
(r, vr, vθ) → (r, vr , I)
¢vow^
vθ =
I
r
¯
¢b Obo
vb
∂f
∂z
+ vr
∂f
∂r
+
(
q
m
(1 − β2)Es(t, r) + I
2
r3
− 1
4
(
q B(z)
m
)2
r
)
∂f
∂vr
= 0.
ebuqbow^bTvrF[Ouwvy}rFo
I
{Or`k O`CbY}um<\m OuqOa'b
owbYu<vr ow^`bÅbYxFs}owv{Or½³ Y»o°mpoqvgrb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f0(x, y, vx, vy) =
n0
(2π v2th) (π a
2)
exp
(
−
v2x + v
2
y
2 v2th
)
,
vª¥
x2 + y2 ≤ a2,
Or
f0(x, y, vx, vy) = 0
¯(vª¥
x2 + y2 > a2
¢vow^
a = 8.9 10−2m
¯
vth = 6.94 10
4ms−1
}r±
n0 = 1.02 10
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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~E(x, y) = (E0 x,E0 y), E0 = −1.
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~E(x, y, z) = (k0(z),−k0(z)) ,
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k0(z) =
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
+E0
vª¥
0 < z < 1/8,
{\u
7/8 < z < 1
0
vª¥
1/8 < z < 3/8,
{Ou
5/8 < z < 7/8
−E0
vª¥
3/8 < z < 5/8
¢vow^
E0 = 1
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ε = 2 10−4 πmrad
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f0(x, y, vx, vy) =
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4π2 v1 v2 b a
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2
2
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